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ABSTRACT
Astrophysical plasmas are turbulent and magnetized. The interaction between cosmic rays (CRs) and magne-
tohydrodynamic (MHD) turbulence is a fundamental astrophysical process. Based on the current understanding
of MHD turbulence, we revisit the trapping of CRs by magnetic mirrors in the context of MHD turbulence. In
compressible MHD turbulence, isotropic fast modes dominate both trapping and gyroresonant scattering of
CRs. The presence of trapping significantly suppresses the pitch-angle scattering and the spatial diffusion of
CRs along the magnetic field. The resulting parallel diffusion coefficient has a weaker dependence on CR
energy at higher energies. In incompressible MHD turbulence, the trapping by pseudo-Alfve´n modes domi-
nates over the gyroresonant scattering by anisotropic Alfve´n and pseudo-Alfve´n modes at all pitch angles and
prevents CRs from diffusion.
Subject headings: turbulence - magnetic fields - cosmic rays
1. INTRODUCTION
As important cosmic messengers, cosmic rays (CRs) carry
unique information about their sources and themedia that they
propagate through. The problem of the origin of CRs con-
cerns their spatial diffusion (Kulsrud & Pearce 1969; Amato
2014), which remains a great challenge for modern astro-
physics. For the reconstruction of CR diffusion, a proper sta-
tistical description of the turbulent magnetic fields that CRs
interact with is crucial, which requires both ever-improving
observations and theoretical efforts.
Historically, theoretical studies on the scattering and dif-
fusion of CRs were based on phenomenological models
of turbulent magnetic fields (e.g., Matthaeus et al. 1990;
Giacalone & Jokipii 1999; Shalchi 2016) and the quasi-
linear theory (QLT) by assuming unperturbed orbits of
particles (Jokipii 1966). Comparisons of the theoretical
expectations with simulations (e.g. Qin et al. 2002) and
observations collected over the last decade show appar-
ent discrepancies (see the review by Gabici et al. 2019).
More recently, realistic models for magnetohydrodynamic
(MHD) turbulence have been established and numerically
tested (Goldreich & Sridhar 1995; Lazarian & Vishniac 1999;
Cho & Vishniac 2000; Maron & Goldreich 2001; Cho et al.
2002; Cho & Lazarian 2003; Kowal et al. 2012; Beresnyak
2014), which are also supported by observations in the so-
lar wind (Horbury et al. 2008; Forman et al. 2011). The mod-
ern theories of MHD turbulence bring radical changes of
the standard diffusive paradigm of CRs (Chandran 2000b;
Yan & Lazarian 2004; Brunetti & Lazarian 2007; Xu & Yan
2013; Lazarian & Yan 2014; Xu et al. 2016; Xu & Lazarian
2018; Sioulas et al. 2020).
The application of the QLT to anisotropic MHD tur-
bulence leads to inefficient scattering of CRs (Chandran
2000b; Yan & Lazarian 2002). Different mechanisms, in-
cluding the nonlinear resonance-broadened transit time damp-
ing (TTD) (Yan & Lazarian 2008; Xu & Lazarian 2018;
Demidem et al. 2019) and the streaming instability ex-
cited by low-energy CRs (Lerche 1967; Kulsrud & Pearce
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1969), have been invoked to enhance the scattering
and confine the diffusion of CRs. Besides the scat-
tering of CRs by MHD turbulence (see the review
by Mertsch 2019 for test particle simulations of CRs)
and self-excited turbulence/instabilities (Blasi et al. 2012;
Lebiga et al. 2018; Bai et al. 2019; Holcomb & Spitkovsky
2019; Krumholz et al. 2020), trapping of CRs in compress-
ible MHD turbulence in, e.g., the solar wind, the interstellar
medium (ISM), and the intracluster medium, can also sig-
nificantly affect the diffusion of CRs. The magnetic com-
pressions with the field variation scale larger than the CR
gyroradius act as magnetic mirrors, trapping the CRs that
conserve their first adiabatic invariant. This trapping effect
can also remove the singularity in parallel diffusion coeffi-
cient at 90◦ (Cesarsky & Kulsrud 1973), which is a funda-
mental difficulty of the QLT (Jokipii 1966). Trapping of CRs
by large-scale magnetic irregularities was earlier studied by,
e.g., Fermi (1949); Noerdlinger (1968); Cesarsky & Kulsrud
(1973); Klepach & Ptuskin (1995); Zirakashvili (2001);
Medvedev & Medvedev (2015), but it has not been investi-
gated in the framework of modern theories of MHD turbu-
lence.
In this work, we focus on the trapping of CRs in MHD tur-
bulence and examine the scattering and diffusion of CRs in
the presence of trapping. In Section 2, we analyze the gy-
roresonant scattering of CRs by Alfve´n, slow, and fast modes
of MHD turbulence. In Section 3, we study the effect of trap-
ping on CR diffusion. A discussion is presented in Section 4.
Finally, the summary of our main results is given in Section
5.
2. PITCH-ANGLE SCATTERING BY MHD
TURBULENCE
Compressible MHD turbulence can be decomposed into
Alfve´n, slow, and fast modes (Cho & Lazarian 2003). Alfve´n
modes in compressible MHD turbulence have the same scale-
dependent anisotropy as those in incompressible MHD turbu-
lence (Goldreich & Sridhar 1995) in the local frame of the
magnetic field (Lazarian & Vishniac 1999; Cho & Vishniac
2000; Maron & Goldreich 2001). The anisotropic scaling also
applies to slow modes and pseudo-Alfve´n modes in the in-
compressible limit, as they are passively mixed by the cas-
2cade of Alfve´n modes (Lithwick & Goldreich 2001). Fast
modes have independent energy cascade and isotropic scal-
ing (Cho & Lazarian 2002).
(1) Alfve´n modes. For describing the gyroresonant interac-
tions with Alfve´n modes, the pitch-angle diffusion coefficient
is (Voelk 1975),
Dµµ,A = Cµ
∫
d3kx−2[J1(x)]
2IA(k)R(k), (1)
with
Cµ = (1− µ2)Ω
2
B2
0
, (2)
and
x =
k⊥v⊥
Ω
=
k⊥
r−1g
, (3)
where Ω is the gyrofrequency, rg = v⊥/Ω is the gyroradius,
v is the particle speed, B0 is the strength of mean magnetic
field, µ = v‖/v is the pitch-angle cosine, and ‖ and ⊥ denote
directions with respect to the local magnetic field. In addition,
in the quasilinear approximation the resonance function for
gyroresonance is
RL = piδ(ωk − v‖k‖ +Ω), (4)
where ωk is the wave frequency, and it is negligible compared
with v‖k‖ for relativistic particles. As a proper description
of the scaling properties of MHD turbulence, we adopt the
magnetic energy spectrum of Alfve´nic turbulence tested by
Cho et al. (2002),
IA(k) = CAk
− 10
3
⊥ exp
(
− L 13 k‖
k
2
3
⊥
)
, (5)
with the normalization factor
CA =
1
6pi
δB2AL
− 1
3 , (6)
where L is the injection scale of turbulence, and δBA is
the rms strength of the fluctuating magnetic fields of Alfve´n
modes atL. The normalization factor used here and in the rest
of the paper is chosen to have the integral of the magnetic en-
ergy spectrum over wavenumber space equal to δB2/2, where
δB is the rms strength of the fluctuating magnetic fields of
each modes at L. 3 We note that in the case of super-Alfve´nic
turbulence with the injected turbulent energy larger than the
magnetic energy, L in Eq. (5) should be replaced by the
Alfve´nic scale lA = LM
−3
A , where MA = VL/VA is the
Alfve´n Mach number, VL is the injected turbulent velocity,
and VA is the Alfve´n velocity. The form of IA(k) reflects
the scale-dependent anisotropy of Alfve´nic turbulence, with
smaller turbulent eddies more elongated along the local mag-
netic field, i.e., k⊥ ≫ k‖. Because of the anisotropy, we
approximately have
J1(x) ≈
√
2
pix
(7)
at a large x, as (Eqs. (3) and (4))
k⊥,res ≫ k‖,res ≈
Ω
v‖
∼ Ω
v⊥
= r−1g , (8)
3 Different normalizations can be adopted by different authors (see, e.g.,
Schlickeiser 2002).
where k‖,res ≈ Ω/v‖ and k⊥,res = L 12 k
3
2
‖,res are the parallel
and perpendicular resonant wavenumbers. Therefore the ana-
lytical reduction of Eq. (1) is
Dµµ,QLT,A
≈4piCACµΩ3v−3⊥ v−1‖
∫
dk⊥k
− 16
3
⊥ exp
(
− L 13
Ω
v‖
k
2
3
⊥
)
(9)
≈2
3
8
13
2 exp(−8)δB
2
A
B2
0
( v
LΩ
) 3
2 v
L
(1− µ2)− 12µ 112 . (10)
The function in the integral in Eq. (9) peaks at
k⊥p =
(L 13 k‖,res
8
) 3
2
= 8−
3
2 k⊥,res, (11)
which in fact is significantly smaller than k⊥,res, but can still
be much larger than k‖,res given L ≫ rg . With the disparity
between k⊥p and k‖,res, interactions with many uncorrelated
eddies in the perpendicular direction over a gyro orbit are in-
effective.
As dictated by the turbulence anisotropy, gyroresonant scat-
tering by Alfve´n modes is inefficient. Compared with ear-
lier studies, our result in Eq. (10) is different from that in
Chandran (2000b). Based on the numerical simulations by
Cho et al. (2002), here we use the exponential form in the en-
ergy spectrum (Eq. (5)), which was found to be more ap-
propriate to describe the turbulence anisotropy than the step
function used in Chandran (2000b). Our formula is also sim-
pler and more physically transparent than the one presented
in Yan & Lazarian (2002). Fig. 1 illustrates Dµµ,QLT,A for
TeV CRs, and here we adopt L = 30 pc and δBA = B0 =
3µG. We note that for higher-energy CRs that interact with
larger-scale turbulent eddies, since the turbulence anisotropy
is weak, the assumption of a large x at a large µ is invalid, and
thus the approximate expression of Dµµ,QLT,A in Eq. (10) is
not applicable at a large µ.
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FIG. 1.— Dµµ,QLT,A as a function of µ for TeV CRs. In the figure “Nu-
merical” indicates the numerical evaluation of Eq. (1), and “Analytical” indi-
cates its analytical approximation given by Eq. (10).
(2) Slow modes. In the case of the gyroresonant scattering
by slow modes, there is (Voelk 1975)
Dµµ,slow/fast = Cµ
∫
d3k
k2‖
k2
[J ′1(x)]
2I(k)R(k). (12)
3As mentioned earlier, slow modes are passively mixed by
Alfve´n modes (Lithwick & Goldreich 2001; Xu et al. 2019)
and thus follow the same scaling law as Alfve´n modes, with
the energy spectrum (Cho et al. 2002),
Is(k) = Csk
− 10
3
⊥ exp
(
− L 13 k‖
k
2
3
⊥
)
, (13)
where
Cs =
1
6pi
δB2sL
− 1
3 , (14)
and δBs is the rms strength of magnetic fluctuations of
slow modes at L. To derive the approximate expression of
Dµµ,QLT,s, we use
J ′1(x) =
1
2
[J0(x) − J2(x)] ≈
√
2
pix
(15)
at a large x and assume k2 ∼ k2⊥ based on turbulence
anisotropy, leading to
Dµµ,QLT,s
≈4piCsCµΩ3v−1⊥ v−3‖
∫
dk⊥k
− 16
3
⊥ exp
(
− L 13
Ω
v‖
k
2
3
⊥
)
(16)
≈2
3
8
13
2 exp(−8)δB
2
s
B2
0
( v
LΩ
) 3
2 v
L
(1− µ2) 12µ 72 (17)
=
δB2s
δB2A
1− µ2
µ2
Dµµ,QLT,A. (18)
The above expression of Dµµ,QLT,s is similar to Dµµ,QLT,A
in Eq. (10), except for the different magnetic fluctuations of
slow modes and the dependence on µ. With comparable δBs
and δBA,Dµµ,QLT,s is larger thanDµµ,QLT,A at a small µ, but
smaller than Dµµ,QLT,A at a large µ. Our result in Eq. (17) is
also different from that in Chandran (2000b), because of the
different energy spectrum Is(k) (Eq. (13)) used here.
It shows that being subject to the same effect of turbulence
anisotropy as Alfve´n modes, gyroresonant scattering by slow
modes is also inefficient. In Fig. 2, we present Dµµ,QLT,s for
TeV CRs by using the same parameters as in Fig. 1 and as-
suming δBs = δBA. Similar to Dµµ,QLT,A, the approximate
expression of Dµµ,QLT,s in Eq. (17) does not apply to higher-
energy CRs at a large µ due to the weak turbulence anisotropy
on large scales.
(3) Fast modes. For gyroresonant scattering by fast modes,
Eq. (12) also applies. Different from Alfve´n and slow modes,
fast modes have isotropic scaling, and their energy spectrum
is (Cho & Lazarian 2002)
If (k) = Cfk
− 7
2 , (19)
where
Cf =
1
16pi
δB2fL
− 1
2 , (20)
and δBf is the rms strength of magnetic fluctuations of fast
modes. By using the asymptotic expression
J ′1(x) ≈
1
2
(
1− x
2
8
)
(21)
at a small x, we can obtain (Xu et al. 2016; Xu & Lazarian
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FIG. 2.— Same as Fig. 1, but for Dµµ,QLT,s. “Numerical” indicates the
numerical evaluation of Eq. (12), and “Analytical” indicates its analytical
approximation given by Eq. (17).
2018)
Dµµ,QLT,f ≈ pi
56
δB2f
B2
0
( v
LΩ
) 1
2
Ω(1 − µ2)µ 12 . (22)
The comparison between the numerical and analytical results
in Fig. 3 shows that the above expression provides a better
approximation for Dµµ,QLT,f at a large µ, where the assump-
tion of a small x is valid. In Fig. 3, we again adopt the same
parameters as in Fig. 1 and assume δBf = δBA.
We see that due to the isotropic scaling, gyroresonant scat-
tering by fast modes is efficient. In addition, Dµµ,QLT,f de-
creases with decreasingΩ for CRs with higher energies, while
Dµµ,QLT,A and Dµµ,QLT,s increase with CR energy, since the
anisotropy of Alfve´n and slow modes is weaker at larger
scales.
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FIG. 3.— Same as Fig. 1, but for Dµµ,QLT,f at µ > 0.5. “Numerical”
indicates the numerical evaluation of Eq. (12), and “Analytical” indicates its
analytical approximation given by Eq. (22).
3. TRAPPING OF CRS AND ITS EFFECT ON
DIFFUSION
3.1. Trapping by magnetic compressions
Compressive magnetic fluctuations induced by fast and
slow modes in compressible MHD turbulence and pseudo-
Alfve´n modes, which are the incompressible limit of slow
4modes, act as magnetic mirrors. The large-scale magnetic
compressions with the variation wavenumber k < r−1g give
rise to the adiabatic trapping of CRs. As the magnetic mo-
ment can be treated as an adiabatic invariant, we have
v2⊥
B0
=
v2
B0 + bk
, (23)
where bk is the compressive magnetic fluctuation at k. It fol-
lows that the angular size of the loss cone θlc satisfies
µ2lc = cos
2 θlc =
bk
B0 + bk
≈ bk
B0
(24)
when bk ≪ B0. The particles with µ < µlc are subject to
trapping.
The mirror force exerted by fast modes on a trapped particle
is
d(pµ)
dt
= −p⊥v⊥
2B0
bfkk, (25)
where p is the particle momentum, and bfk is bk of fast modes.
Then the rate of change in µ due to trapping, which we term
as the trapping rate, has the form (Cesarsky & Kulsrud 1973)
Γt,f =
∣∣∣ 1
µ
dµ
dt
∣∣∣ = v
2B0
1− µ2
µ
bfkk. (26)
Among the magnetic mirrors at different wavenumbers, the
ones that are most effective in reflecting the CR particle at a
given µ have (Cesarsky & Kulsrud 1973)
bfk = B0µ
2, (27)
for which the inverse of Γt,f is just the time for a particle to
bounce between reflection points. By further using the scaling
of fast modes (Cho & Lazarian 2002)
bfk = δBf (kL)
− 1
4 , (28)
we finally reach Γt,f as a function of µ,
Γt,f =
v
2L
δB4f
B4
0
1− µ2
µ7
. (29)
It rapidly decreases with increasing µ, as the mirror reflection
is slower at a smaller k.
In the above expression of Γt,f , the minimum µ for the adi-
abatic trapping of CRs by fast modes should satisfy
µ2min,f =
bfk(rg)
B0
=
δBf
B0
(rg
L
) 1
4
, (30)
where bfk(rg) is the magnetic fluctuation of fast modes at rg .
Since the magnetic compressions at k > r−1g are incapable of
trapping, Γt,f at µ < µmin,f is in fact given by
Γt,f(µ < µmin,f) =
v
2B0
1− µ2
µ
bfk(rg)r
−1
g
=
v
2rg
δBf
B0
(rg
L
) 1
4 1− µ2
µ
.
(31)
In addition, as the compressive fluctuations move with a
phase speed Vph,f, when the parallel particle speed v‖ becomes
smaller than Vph,f with µ . Vph,f/v, the above formulae of
Γt,f in the magnetostatic limit are inapplicable. However,
given Vph,f ≪ v for non-relativistic MHD turbulence, the
above formulae of Γt,f can be safely used except for µ→ 0.
In the case of slow modes or pseudo-Alfve´nmodes, the mo-
tion of a particle along the magnetic field is described by
d(pµ)
dt
= −p⊥v⊥
2B0
bskk‖, (32)
where bsk is bk of slow modes or pseudo-Alfve´nmodes. Thus
the trapping rate is
Γt,s =
∣∣∣ 1
µ
dµ
dt
∣∣∣ = v
2B0
1− µ2
µ
bskk‖. (33)
Similar to the case of fast modes, under the consideration of
both
bsk = B0µ
2 (34)
and the scaling of slow modes/pseudo-Alfve´n modes
(Cho et al. 2002)
bsk = δBs(k⊥L)
− 1
3 = δBs(k‖L)
− 1
2 , (35)
we find the trapping rate of slow/pseudo-Alfve´n modes as
Γt,s =
v
2L
δB2s
B2
0
1− µ2
µ3
. (36)
The above expression is valid for µ > µmin,s, where
µ2min,s =
bsk(rg)
B0
=
δBs
B0
(rg
L
) 1
2
, (37)
and bsk(rg) is the magnetic fluctuation of slow modes at k‖ =
1/rg. Γt,s at µ < µmin,s is given by
Γt,s(µ < µmin,s) =
v
2B0
1− µ2
µ
bsk(rg)r
−1
g
=
v
2rg
δBs
B0
(rg
L
) 1
2 1− µ2
µ
.
(38)
Similar to the case of fast modes, the above formulae do not
apply to µ . Vph,s/v, where Vph,s ≪ v is the phase speed of
slow modes.
By comparingΓt,s in Eq. (36) with Γt,f in Eq. (29), we see
that
Γt,f
Γt,s
=
δB4f
B2
0
δB2s
µ−4. (39)
With the anisotropic energy distribution, bsk decreases more
rapidly in the direction parallel to the magnetic field (Eq. (35),
see also Beresnyak 2015). Because of the different scalings of
fast and slow modes, Γt,f is much larger than Γt,s when δBf
and δBs are comparable to B0.
3.2. Diffusion in compressible and incompressible MHD
turbulence
In the presence of trapping, the diffusion of CRs only oc-
curs when the pitch-angle scattering can overcome the mag-
netic trapping. The rate of change in µ due to scattering, i.e.,
scattering rate Γs, is related toDµµ (Jokipii 1966),
Γs =
1
µ2
〈(∆µ)2〉
∆t
=
2Dµµ
µ2
. (40)
In compressible MHD turbulence, fast modes dominate the
pitch-angle scattering (Section 2). The scattering rate of fast
5modes is
Γs,f =
2Dµµ,QLT,f
µ2
≈ pi
28
δB2f
B2
0
( v
LΩ
) 1
2
Ω(1− µ2)µ− 32 .
(41)
As fast modes dominate both trapping and scattering in com-
pressible MHD turbulence, the comparison between Γt,f
and Γs,f determines the range of µ where the CRs mainly
contribute to the spatial diffusion. The cutoff pitch-angle
cosine is defined at the balance between Γt,f and Γs,f
(Cesarsky & Kulsrud 1973). It has the expression (Eqs. (29)
and (41))
µcf,f ≈
[
14
pi
δB2f
B2
0
( v
LΩ
) 1
2
] 2
11
. (42)
Fig. 4 displays both Γt,f andΓs,f for TeV CRs and their inter-
section at µcf,f. The analytical approximation of Γs,f agrees
well with its numerical value toward a larger µ. At µ < µcf,f,
CRs are mainly reflected back and forth betweenmirror points
due to the dominant trapping effect. At µ > µcf,f, scattering
becomes more important than trapping and enables diffusion
of CRs.
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FIG. 4.— Comparison between Γt,f and Γs,f in compressible MHD tur-
bulence for TeV CRs. The analytical approximations are given by Eqs. (29),
(31), and (41). The numerical calculation of Eq. (12) is used for the numeri-
cal evaluation of Γs,f . The vertical dashed line indicates µcf,,f , corresponding
to Eq. (42).
As a result, the parallel spatial diffusion coefficient of CRs
due to the gyroresonant scattering by fast modes should be
calculated as
D‖,f,t =
1
3
vλ‖ =
v2
4
∫ 1
µcf,f
dµ
(1− µ2)2
Dµµ,QLT,f
(43)
≈ 14
pi
B20
δB2f
( v
LΩ
)− 1
2 v2
Ω
∫ 1
µcf,f
dµ
1 − µ2
µ
1
2
=
28
5pi
B20
δB2f
( v
LΩ
)− 1
2 v2
Ω
[
4−√µcf,f(5− µ2cf,f)
]
, (44)
where Eq. (22) is used in deriving Eq. (44). Instead of
an integration over the entire range of pitch angles, here the
lower limit of the integral is determined by µcf,f. As a func-
tion of µcf,f, D‖,f,t for a more energetic CR is more signifi-
cantly affected by trapping as µcf,f increases with the CR en-
ergy (Eq. (42)). We see from Fig. 5 that under the effect of
trapping,D‖,f,t has a weaker dependence on CR energy ECR
toward higher energies. The discrepancy between the analyt-
ical approximation (Eq. (44)) and the numerical evaluation
of Eq.(43) mainly comes from the overestimate of Dµµ,QLT,f
by Eq. (22). The drop of D‖,f,t near 1 GeV is due to the
significant drop of v at 1 GeV.
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FIG. 5.— D‖,f,t as a function of ECR. The analytical approximation is
given by Eqs. (44) and (42).
In incompressible MHD turbulence, the pseudo-Alfve´n
modes give rise to trapping. On the other hand, the scatter-
ing rate of Alfve´n modes is (Eqs. (10) and (40))
Γs,A =
2Dµµ,QLT,A
µ2
≈ 4
3
8
13
2 exp(−8)δB
2
A
B2
0
( v
LΩ
) 3
2 v
L
(1 − µ2)− 12µ 72 .
(45)
The scattering rate of slow modes is (Eqs. (17) and (40))
Γs,s =
2Dµµ,QLT,s
µ2
≈ 4
3
8
13
2 exp(−8)δB
2
s
B2
0
( v
LΩ
) 3
2 v
L
(1− µ2) 12µ 32 .
(46)
Given δBs comparable to δBA, Γs,s is larger than Γs,A at a
small µ, but smaller than Γs,A at a larger µ. Fig. 6 presents
Γt,s in comparison with Γs,A and Γs,s for TeV CRs. It show
that over the entire range of pitch angles, trapping domi-
nates over scattering. Consequently, TeV CRs are trapped
by pseudo-Alfve´n modes and prevented from participating
in diffusion. In Appendix A, we consider the resonance-
broadened transit time damping (TTD) with pseudo-Alfve´n
modes (Xu & Lazarian 2018) as a mechanism to enhance the
pitch-angle scattering of CRs. It turns out that the TTD with
resonance broadening can still be insufficient to overcome the
trapping in incompressible MHD turbulence, depending on
the turbulence parameters.
For higher-energy CRs, although the gyroresonant scatter-
ing by Alfve´n and pseudo-Alfve´n modes becomes more effi-
cient (see Section 2), trapping still dominates over scattering
for the entire range of µ. Fig. 7 presents Γt,s in comparison
with Γs,A and Γs,s for PeV CRs. We note that the analytical
approximations Eqs (45) and (46) are invalid for high-energy
6CRs at a large µ (see Section 2). It suggests that the diffu-
sion of CRs in incompressible MHD turbulence is hindered
by trapping. Even with weak scattering, the motion of CRs is
not ballistic in incompressible MHD turbulence.
In the above calculations, we assume that Alfve´n, slow, and
fast modes have comparable magnetic fluctuations at L. In
realistic astrophysical conditions, the energy fractions of dif-
ferent modes depend on the turbulence driving and the con-
version from compressive to solenoidal motions along the
cascade (Padoan et al. 2016). Besides, in weakly ionized in-
terstellar phases, fast modes are subject to severe ion-neutral
collisional damping (Xu et al. 2016). All these effects should
be taken into account to realistically model the trapping and
diffusion of CRs in the multi-phase interstellar medium.
4. DISCUSSION
Recent advances in theoretical understanding of MHD tur-
bulence have brought substantial changes of the paradigm of
CR propagation. Here we focus on relatively high-energy
CRs that mainly interact with background MHD turbulence
instead of the CR-induced streaming instability (Lerche 1967;
Kulsrud & Pearce 1969). Our study suggests that a signifi-
cant change is expected when the trapping of CRs is taken
into account. In incompressible MHD turbulence, instead of
the ballistic motion of CRs along magnetic field lines due to
the weak scattering (Chandran 2000b; Yan & Lazarian 2002),
CRs remain trapped. For the compressible MHD turbulence
in the ISM, earlier studies showed that the ballistic motion
of CRs can be prevented due to the efficient scattering by fast
modes (Yan & Lazarian 2002). In fact, besides scattering, fast
modes also play a dominant role in trapping CRs. The propa-
gation of CRs is controlled by the interplay between scattering
and trapping by fast modes.
In this work we only consider non-relativistic MHD turbu-
lence. The similarity between non-relativistic and relativistic
MHD turbulence has been found (Thompson & Blaes 1998;
Cho 2005; Zrake & MacFadyen 2012; Cho & Lazarian 2014;
Takamoto et al. 2015). A detailed study on the stochastic
particle acceleration in relativistic MHD turbulence was re-
cently carried out by Demidem et al. (2019), which can be
generally applied to high-energy astrophysical environments
involving relativistic MHD turbulence (see, e.g., Xu & Zhang
2017; Xu et al. 2018). The current study should be extended
to the regime of relativistic MHD turbulence.
Molecular-cloud magnetic mirrors were discussed in, e.g.,
Chandran (2000a), for trapping and confining Galactic CRs.
With the weak correspondence between magnetic fields and
gas densities in most volumes of molecular clouds due to
reconnection diffusion (Crutcher et al. 2010; Lazarian et al.
2012), the existence of molecular-cloud mirrors is question-
able. Here we consider the magnetic mirrors naturally arising
in MHD turbulence, with different sizes and magnetic fluctu-
ations resulting from the cascade of MHD turbulence. They
are ubiquitous in the turbulent and magnetized ISM and do
not depend on molecular cloud structures. In addition, dif-
ferent from the linear description of MHD waves adopted in,
e.g., Cesarsky & Kulsrud (1973), we use a realistic model of
MHD turbulence. It turns out that both scattering and trap-
ping of CRs strongly depend on the properties and scalings
of MHD turbulence. For instance, the anisotropy of incom-
pressible MHD turbulence leads to inefficient scattering and
significant trapping.
The trapping of CRs in MHD turbulence has important
astrophysical implications. For instance, the second-order
Fermi acceleration in the presence of trapping can be more
efficient than the case with only pitch-angle scattering. The
reflection of particles within magnetic traps can also give rise
to more efficient shock acceleration than the diffusive shock
acceleration with random scattering. Besides, the trapping
of CRs may also significantly affect, e.g., the confinement of
CRs in galaxies, the coupling of CRs to gas and galactic wind
driving. These implications will be addressed in future work.
5. SUMMARY
In this work, we have applied the modern theories of MHD
turbulence to studying the trapping of CRs in MHD turbu-
lence. Our main results are as follows.
1. The pitch-angle diffusion coefficients for gyroresonant
scattering by Alfve´n and slow modes have similar formulae,
which are inefficient for CRs with rg ≪ L and increase
with the energy of CRs due to the scale-dependent turbu-
lence anisotropy. The more efficient gyroresonant scattering
by isotropic fast modes has the pitch-angle diffusion coeffi-
cient decrease with the energy of CRs.
2. The trapping of CRs by slow modes (or pseudo-Alfve´n
modes in the incompressible limit) has a lower rate than that
by fast modes due to the anisotropy of slow modes.
3. In compressible MHD turbulence, in the presence of
trapping by fast modes, the gyroresonant scattering of CRs by
fast modes can only occur within a limited range of pitch an-
gles, resulting in the suppression of parallel diffusion of CRs.
The dependence of the parallel diffusion coefficient on the CR
energy becomes weaker toward higher energies.
4. In incompressible MHD turbulence, the trapping by
pseudo-Alfve´n modes dominates over the scattering over
the entire range of pitch angles, which inhibits the parallel
diffusion of CRs.
S.X. acknowledges the support for Program number
HST-HF2-51400.001-A provided by NASA through a grant
from the Space Telescope Science Institute, which is operated
by the Association of Universities for Research in Astron-
omy, Incorporated, under NASA contract NAS5-26555.
A.L. acknowledges the support from grant NASA TCAN
144AAG1967.
APPENDIX
RESONANCE-BROADENED TTD WITH PSEUDO-ALFVE´N MODES IN INCOMPRESSIBLE MHD
TURBULENCE
The pitch-angle diffusion coefficient of pseudo-Alfve´n modes for TTD is (Voelk 1975),
Dµµ,TTD,s = Cµ
∫
d3k
k2‖
k2
[J ′0(x)]
2I(k)R(k). (A1)
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FIG. 6.— (a) Γt,s in comparison with Γs,A and Γs,s in incompressible MHD turbulence for TeV CRs, with the analytical expressions given by Eqs. (36),
(38), (45), and (46). (b) Zoom of (a) near µ = 1. The numerical evaluation of Γs,A is obtained by using the numerical calculation ofDµµ,QLT,A in Eq. (1).
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FIG. 7.— Same as Fig. 6(a) but for PeV CRs. The numerical evalua-
tions of Γs,A and Γs,s are obtained by using the numerical calculations of
Dµµ,QLT,A in Eq. (1) andDµµ,QLT,s in Eq. (12), respectively.
Here we adopt a broadened resonance function (Yan & Lazarian 2008; Xu & Lazarian 2018),
RB =
√
2pi
2∆v‖k‖
exp
[
− (ωk − v‖k‖)
2
2(∆v‖k‖)2
]
, (A2)
where
∆v‖ ≈ v⊥
( 〈δB2‖〉
B2
0
) 1
4
, (A3)
is the variation in v‖ induced by the parallel magnetic fluctuation δB‖ (Voelk 1975). The existence of∆v‖ causes the resonance
broadening.
The approximate expression ofDµµ,TTD,s for CRs is (Xu & Lazarian 2018)
Dµµ,TTD,s ≈
√
2
4
pi
3
2
Cs
B2
0
( 〈δB2‖〉
B2
0
)− 1
4
L−
2
3 ln
( L
l⊥,min
)
v(1 − µ2) 32 exp
[
−
v2‖
2∆v2‖
]
, (A4)
where l⊥,min is determined by the larger value between rg and the dissipation scale of magnetic fluctuations. Fig. 8(a) illustrates
Dµµ,TTD,s in comparison with the diffusion coefficients for gyroresonant scattering, i.e., Dµµ,QLT,A and Dµµ,QLT,s presented in
Figs. 1 and 2, where δB‖ = δBs is used, and other parameters are the same as in Section 2. It shows that TTD dominates the
8pitch-angle scattering except for large µ. The scattering rate corresponding to Dµµ,TTD,s is
Γs,s,TTD =
2Dµµ,TTD,s
µ2
≈
√
2
2
pi
3
2
Cs
B2
0
( 〈δB2‖〉
B2
0
)− 1
4
L−
2
3 ln
( L
l⊥,min
)
v(1 − µ2) 32 exp
[
−
v2‖
2∆v2‖
]
µ−2. (A5)
As shown in Fig. 8(b), Γs,s,TTD is comparable to Γt,s except for large µ, where it is much smaller than Γt,s. We see that given the
parameters used here, although TTD with broadened resonance leads to more efficient scattering than gyroresonance, it is still
insufficient to significantly untrap CRs.
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FIG. 8.— (a) The pitch-angle diffusion coefficients for gyroresonance, Dµµ,QLT,A (Alfve´n modes), Dµµ,QLT,s (pseudo-Alfve´n modes), and for resonance-
broadened TTD, Dµµ,TTD,s (pseudo-Alfve´n modes), for TeV CRs. The numerical evaluation of Dµµ,TTD,s is derived from the numerical calculation of Eq.
(A1). Its analytical approximation is taken from Eq. (A4). (b) The corresponding Γs,s,TTD with the analytical approximation given by Eq. (A5) in comparison
with Γt,s (Eqs. (36) and (38)).
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